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Wangjian Jian∗, Yalong Shi∗∗ and Jian Song†
Abstract
In this short note, we prove the existence of constant scalar curvature Ka¨hler
metrics on compact Ka¨hler manifolds with semi-ample canonical bundles.
1 Introduction
The existence of constant scalar curvature Ka¨hler metrics (cscK) is a fundamental
problem in Ka¨hler geometry and has been extensively studied. It is proved by Tian
[18] that the existence of a Ka¨hler-Einstein metric on a Fano manifold without holo-
morphic vector fields is equivalent to the properness of the Mabuchi K-energy and
he further conjectured that such equivalence should also hold for the cscK metrics.
In other words, the existence of cscK metrics can be formulated as a variational
problem. Recently, this conjecture was proved by Chen-Cheng [4]. In this paper, we
will construct cscK metrics on minimal models in a sufficiently small neighborhood
of the canonical classes with an additional assumption on the semi-ampleness of the
canonical bundle. Such a construction is related to the minimal model program
and in the non-general type case, it can be viewed as the collapsing phenomena of
cscK metrics on the minimal model to the unique twisted Ka¨hler-Einstein metric on
canonical model constructed by Song-Tian [14]. Our proof makes use of the exis-
tence result of Chen-Cheng [4] and the criterion for the properness of the Mabuchi
K-energy developed by Weinkove [20], Song-Weinkove [16] and Li-Shi-Yao [11]. The
following is our main result.
Theorem 1.1 Let X be a compact Ka¨hler manifold. If the canonical bundle KX is
semi-ample, then for any Ka¨hler class [ω] on X, there exists δX,[ω] > 0 such that for
any 0 < δ < δX,[ω], there exists a unique cscK metric in the Ka¨hler class [KX ]+ δ[ω].
A line bundle L is said to be semi-ample if a sufficiently large power of L is base
point free. Theorem 1.1 still holds if KX is nef and the numerical dimension of KX
is n − 1. We believe that in general, the semi-ample assumption for KX should
be replaced by the nef condition. Indeed, the abundance conjecture predicts that
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nef KX implies semi-ampleness for projective manifolds. Any projective manifold
with nef canonical bundle is also called a minimal model. Suppose X is a projective
minimal model, then the pluricanonical systems of X induce a unique fibration
Φ : X → Xcan
over the unique canonical model Xcan of X by the finite generation of the canonical
ring. The Kodaira dimension of X , Kod(X), is then defined to be the complex
dimension of the normal projective variety Xcan. When X is of general type, i.e.
when Kod(X) = dimX , there exists a unique geometric Ka¨hler-Einstein metric gcan
on Xcan ([19, 6, 13]) and Theorem 1.1 generalizes a result of Arezzo-Pacard [1] on
the cscK metrics on minimal surfaces of general type. In [14], Song-Tian constructed
the unique twisted Ka¨hler-Einstein metric gcan on Xcan satisfying
Ric(gcan) = −gcan + gWP , (1.1)
where gWP is the Weil-Petersson metric induced from the variation of the fibres.
We propose the following conjecture relating gcan to the cscK metrics constructed in
Theorem 1.1.
Conjecture 1.1 Let X be an n-dimensional Ka¨hler manifold with semi-ample (or
nef) canonical bundle KX . Then for any Ka¨hler class [ω] and any sequence ǫj → 0,
the cscK metrics gj ∈ [KX ] + ǫj [ω] converge to the twisted Ka¨hler-Einstein metric
gcan on the canonical model Xcan of X.
The convergence should be both global in Gromov-Hausdorff topology and local
in smooth topology away from the singular fibres of Φ : X → Xcan. When the
canonical model Xcan is smooth and the morphism Φ : X → Xcan has no singular
fibre, Conjecture 1.1 holds from the result of Fine [7] (Theorem 8.1 and its proof)
and the construction of the twisted Ka¨hler-Einstein metric on Xcan [14]. Theorem
1.1 and Conjecture 1.1 are also related to the result of Gross-Wilson [9] from the
perspective of the SYZ conjecture. Theorem 1.1 and Conjecture 1.1 can be also
interpreted by the slope stability introduced by Ross-Thomas [12]. We also propose
a related conjecture for the long time solutions of the Ka¨hler-Ricci flow.
Conjecture 1.2 Let X be an n-dimensional Ka¨hler manifold with nef canonical
bundle KX and positive Kodaira dimension. Then for any initial Ka¨hler metric g0,
the solution g(t) of the normalized Ka¨hler-Ricci flow
∂g
∂t
= −Ric(g)− g, g(0) = g0
converges in Gromov-Hausdorff topology to gcan and the scalar curvature R(t) con-
verges to −Kod(X) in C0(X), where Kod(X) is the Kodaira dimension of X.
2
A special case of Conjecture 1.2 is recently proved by the first author when KX
is semi-ample and Φ : X → Xcan has no singular fibres [10]. Conjecture 1.2 will
strengthen the result of Song-Tian [15] on bounds of the scalar curvature along the
Ka¨hler-Ricci flow.
In Theorem 1.1, the manifold X admits a fibration of Calabi-Yau manifolds. The
following theorem treats fibrations of Ka¨hler manifolds of negative first Chern class.
Theorem 1.2 Let X be an n-dimensional Ka¨hler manifold. If KX is ample and X
admits a holomorphic fibrtation Φ : X → Y over a Riemann surface Y , then for any
ample line bundle L over Y , there exists a unique cscK metric in the Ka¨hler class
[L] + δ[KX ] for any sufficiently small δ > 0.
Theorem 1.2 generalizes some of the results of Fine in [7] since a special example
in Theorem 1.2 is a smooth fibration of smooth high genus curves over another high
genus curve. It can be applied to more general fibrations of canonical models of
general type with possible singular fibres and low genus base curve. For example,
any Fermat surface xd0 + x
d
1 + x
d
2 + x
d
3 = 0, of degree d ≥ 5 in P3 has ample canonical
bundle, and the projection from one of its straight lines extends to a fibration of the
surface onto P1. Theorem 1.2 proves the existence of cscK metrics on these Fermat
surfaces far away from their canonical classes.
As the Ka¨hler classes degenerate to a Ka¨hler class on the base Y , the cscK metrics
in Theorem 1.2 should converge to a twisted constant scalar curvature metric on Y
as shown in [7, 8] in the case when the fibration map Φ is submersion.
2 Proof
The well-known Aubin-Yau functionals are given by
Iχ(ϕ) =
∫
X
ϕ
(
χn
n!
− χ
n
ϕ
n!
)
, Jχ(ϕ) =
∫ 1
0
∫
X
ϕ
(
χn
n!
− χ
n
tϕ
n!
)
dt,
where χϕ = χ +
√−1∂∂ϕ and ϕ ∈ PSH(X,χ) = {ϕ ∈ C∞(X) | χϕ > 0}. In fact,
the three functionals Iχ, Jχ and Iχ − Jχ are all equivalent in the sense that they are
all positive and they can bounded each other with uniform constants. A modified
J-functional Jˆη,χ associated to a closed (1,1)-form η is defined as below and is related
to the J-equation proposed by Donaldson in [5]
Jˆη,χ :=
∫ 1
0
∫
X
ϕ(η ∧ χn−1tϕ − cχntϕ)
dt
(n− 1)! ,
where c = [η]·[χ]
n−1
[χ]n
.
The cscK metrics are critical points of Mabuchi K-energy function and a useful
observation of Chen [3] relates the Mabuchi K-energy to the Aubin-Yau functionals
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as follows
Kχ(ϕ) =
∫
X
log
χnϕ
χn
χnϕ
n!
+ Jˆ−Ric(χ),χ(ϕ). (2.1)
The Mabuchi K-energy is said to be proper as defined in [18] if there are constants
c1, c2 > 0 such that
Kχ(ϕ) ≥ c1Iχ(ϕ)− c2
for all ϕ ∈ PSH(X,χ). Tian [18] conjectured that the properness of Mabuchi K-
energy implies the existence of cscK metrics and the conjecture is recently proved
by Chen-Cheng [4].
Theorem 2.1 (Theorem 4.1 of [4]) If the Mabuchi K-energy Kχ is proper on
PSH(X,χ), there exists a unique cscK metric in [χ].
The most quantitive criterion for the properness of Mabuchi K-energy is the cone
condition established by Song-Weinkove [16] as the necessary and sufficient condition
for the solvability of the J-equation. More precisely, if the canonical bundle KX is
ample, the Mabuchi K-energy Kχ is proper if there exist Ka¨hler forms χ
′ ∈ [χ] and
η ∈ [KX ] such that
(
n[KX ] · [χ]n−1
[χ]n
χ′ − (n− 1)η
)
∧ (χ′)n−2 > 0 (2.2)
as an (n−1, n−1)-form. The condition (2.2) is further strengthened and generalized
by Li-Shi-Yao [11] by making use of the α-invariant. Let us recall Tian’s α-invariant
introduced in [17].
Definition 2.1 Let (X,χ) be a Ka¨hler manifold. The α-invariant is defined as
αX([χ]) = sup{α > 0 | ∃Cα > 0 such that
∫
X
e−α(ϕ−supX ϕ)χn ≤ Cα, ∀ϕ ∈ PSH(X,χ)}.
It is obvious that the αX([χ]) does not depend on the choice χ
′ ∈ [χ].
The following properness criterion is essentially contained in the proof to Theorem
1.1 in [11] (see Remark 3.1).
Lemma 2.1 Let (X,χ) be a compact Ka¨hler manifold of dimension n. If there
exist 0 ≤ ε < n+1
n
αX([χ]), a Ka¨hler form χ
′ ∈ [χ] and a form η ∈ [KX ] such that
η + εχ′ > 0 and
(
(nc+ ε)χ′ − (n− 1)η
)
∧ χ′n−2 > 0, c = [KX ] · [χ]
n−1
[χ]n
as an (n− 1, n− 1) form, then the Mabuchi K-energy Kχ is proper on PSH(X,χ).
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Proof We include a sketch of the proof for the lemma. By Jensen’s inequality, there
exists C > 0 such that∫
X
log
(
χnϕ
χn
)
χnϕ
n!
≥ ε′(Iχ(ϕ)− Jχ(ϕ))− C,
for any ε < ε′ < n+1
n
αX([χ]) and ϕ ∈ PSH(X,χ). On the other hand, straightfor-
ward calculations show that
ε(Iχ − Jχ) + Jˆ−Ric(χ),χ = Jˆεχ−Ric(χ),χ.
Since εχ− Ric(χ) and εχ′ + η are in the same cohomology class, we have
|Jˆεχ−Ric(χ),χ − Jˆη+εχ′,χ| ≤ C
for some uniform constant C. By the main theorem of Song-Weinkove [16], our
condition in the lemma implies Jˆη+εχ′,χ has a critical point, so is bounded from
below. These together imply the properness of Kχ from the formula (2.1) and the
definition of properness.
✷
We will need the following simple observation for the α-invariant to apply Lemma
2.1.
Lemma 2.2 Suppose the canonical bundle KX is semi-ample. Then for any Ka¨hler
class [ω], we have
αX([KX ] + δ[ω]) ≥ αX([KX ] + [ω]) > 0
for any 0 < δ < 1.
Proof Choose any Ka¨hler form ω′ ∈ [ω]. Since KX is semi-ample, we can find a
smooth nonnegative closed (1, 1)-form η ∈ [KX ] and so η+ tω is Ka¨hler for all t > 0.
Immediately we have for any 0 < δ < 1
PSH(X, η + δω) ⊂ PSH(X, η + ω).
By definition, this implies αX([KX ] + δ[ω]) ≥ αX([KX ] + [ω]) > 0.
✷
Now we can complete the proof of Theorem 1.1.
Proof of Theorem 1.1 Denote by κ the Kodaira dimension of X . If κ = 0, by
semi-ampleness assumption, a multiple of KX is trivial, and Theorem 1.1 immedi-
ately follows from Yau’s solution [21] to the Calabi conjecture. We will then assume
0 < κ ≤ n. Since KX is semi-ample, the pluricanonical system |mKX | maps X into
a projective space PNm for some sufficiently large m. We can choose a smooth closed
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(1, 1)-form η on X to be the pullback of m−1ωFS on P
Nm . Obviously η ∈ [KX ] is
nonnegative and ηl = 0 if and only if l > κ. Let ω be a Ka¨hler form on X as in the
assumption of the theorem. We define
χδ = η + δω, ε = αX([KX ] + [ω])
and
cδ =
[KX ] · [χδ]n−1
[χδ]n
.
Then we have
cδ =
∑κ−1
i=0
(
n−1
i
)
([KX ])
i+1 · (δ[ω])n−1−i∑κ
i=0
(
n
i
)
([KX ])i · (δ[ω])n−i
=
(
n−1
κ−1
)
(
n
κ
) +O(δ) = κ
n
+O(δ).
Straightforward calculations show that
(ncδ + ε)χ
n−1
δ − (n− 1)η ∧ χn−2δ
= (ncδ + ε)(η + δω)
n−1 − (n− 1)η ∧ (η + δω)n−2
= (ncδ + ǫ)
κ∑
i=0
(
n− 1
i
)
ηi ∧ (δω)n−1−i − (n− 1)
κ−1∑
i=0
(
n− 2
i
)
ηi+1 ∧ (δω)n−2−i
= (ncδ + ǫ)(δω)
n−1 +
κ∑
i=1
Aiη
i ∧ (δω)n−1−i
with
Ai = (ncδ + ǫ)
(
n− 1
i
)
− (n− 1)
(
n− 2
i− 1
)
.
Furthermore,
Ai = (κ+ ε+O(δ)) · (n− 1)!
i!(n− 1− i)! −
(n− 1)!
(i− 1)!(n− 1− i)!
=
(n− 1)!
i!(n− 1− i)!
(
κ+ ǫ− i+O(δ))
≥ (n− 1)!
i!(n− 1− i)!
(
ǫ+O(δ)
)
.
Each Ai is positive if we choose δ to be sufficiently small. The smooth (n− 1, n− 1)
form ηi ∧ (δω)n−1−i is non-negative for all i = 1, ..., κ and (ncδ + ε)(δω)n−1 is strictly
positive. This immediately implies that
(ncδ + ε)χ
n−1
δ − (n− 1)η ∧ χn−2δ > 0.
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By Lemma 2.2, we always have ε < n+1
n
αX([χ]). The existence part of Theorem 1.1
immediately follows from Theorem 2.1 and Lemma 2.1. The general uniqueness of
cscK metrics is established in [2]. ✷
The proof of Theorem 1.2 is similar to that of Theorem 1.1.
Proof of Theorem 1.2 We let β be the pullback of a Ka¨hler form in [L] on the
Riemann surface Y and η ∈ [KX ] a Ka¨hler form on X . Then we define
χδ = β + δη, cδ =
[KX ] · [χδ]n−1
[χδ]n
for sufficiently small δ > 0. Direct computation shows that
ncδ =
n− 1
δ
+
KnX
Kn−1X · L
+O(δ).
Then we have
(
ncδχδ − (n− 1)η
)
∧ χn−2δ =
(
ncδξ +
(
δ
KnX
Kn−1X · L
+O(δ2)
)
η
)
∧ χn−2δ > 0.
The theorem immediately follows by either applying the condition (2.2) or by Lemma
2.1 with ǫ = 0. ✷
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